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These notes are an informal introduction to moduli spaces of compact 
Riemann surfaces via complex analysis, topology and Hodge Theory. 
The prerequisites for the first lecture are just basic complex variables, 
basic Riemann surface theory up to at least the Riemann-Roch formula, 
and some algebraic topology, especially covering space theory. Some 
good references for this material include for complex analysis, ^ 
and 1^ for the basic theory of Riemann surfaces, and for algebraic 
topology. For later lectures I will assume more. The book by Clemens 
and Chapter 2 of Griffiths and Harris fl^ are excellent and are 



highly recommended. Other useful references include the surveys [TB 



and 0] and the book 



The first lecture covers moduli in genus and genus 1 as these can be 
understood using relatively elementary methods, but illustrate many of 
the points which arise in higher genus. The notes cover more material 
than was covered in the lectures, and sometimes the order of topics in 
the notes differs from that in the lectures. I hope to add the material 
from the last lecture on the Torelli group and Morita's approach to the 
tautological classes in a future version. 

Acknowledgements. It is a great pleasure to thank all those with whom 
I have had helpful discussions while preparing these notes. I would 
especially like to thank Robert Bryant, John Harer, Eduard Looijenga, 
Makoto Matsumoto and Mark Stern. 

Lecture 1: Low Genus Examples 

Suppose that g and n are non-negative integers. An n-pointed Rie- 
mann surface (C; Xi, . . . , x„) of genus g is a. compact Riemann sur- 
face C of genus g together with an ordered n-tuple of distinct points 
) of C. Two n-pointed Riemann surfaces (C; ) and 

{C; x[, . . . , x'^) are isomorphic if there is a biholomorphism f : C ^ C 
such that f{xj) = x'j when I < j < n. The principal objects of study 
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in these lectures are the spaces 




At the moment all we can say is that these are sets. One of the main 
objectives of these lectures is to show that each M.g,n is a complex 
analytic variety with very mild singularities. 

Later we will only consider A4g^n when the stability condition 



is satisfied. But for the time being we will consider all possible values 
of g and n. When n = 0, we will simply write A4g instead of M.gfl- 

The space M.g^n is called the moduli space of n-pointed curves (or 
Riemann surfaces) of genus g. The isomorphism class of (C; xi, . . . , Xn) 
is called the moduli point of {C;xi,... ,Xn) and will be denoted by 
[C; Xi, . . . , Xn]. 

There are (at least) two notions of the genus of a compact Riemann 
surface C. First there is the (analytic) genus 



the dimension of the space of global holomorphic 1-forms on C. Second 
there is the topological genus 



Intuitively, this is the 'number of holes' in C. A basic fact is that these 
are equal. There are various ways to prove this, but perhaps the most 
standard is to use the Hodge Theorem (reference) which imphes that 

H^[C,C) = {holomorphic 1-forms} © {anti-holomorphic 1-forms}. 

The equality of 5'top(C') and g{C) follows immediately as complex conju- 
gation interchanges the holomorphic and antiholomorphic differentials. 

Finally, we shall use the terms "complex curve" and "Riemann sur- 
face" interchangeably. 



It follows from Riemann-Roch formula that if X is a compact Rie- 
mann surface of genus 0, then X is biholomorphic to the Riemann 
sphere P^. So A4q consists of a single point. 

An automorphism of a Riemann surface X is simply a biholomor- 
phism f : X ^ X. The set of all automorphisms of X forms a group 



(1) 



2g-2 + n>0 



g,,^{C) :=-rankiJi(C,Z). 



1. Genus 
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AutX. The group GL2{C) acts in via fractional linear transforma- 
tions: 

fab\ az + b 

\c dj ' ^ ^ cz + d 
The scalar matrices S act trivially, and so we have a homomorphism 

PGL2(C) ^ Autpi 

where for any field F 

PGLn{F) = GLn{F)/ {scalar matrices} 

and 

PSLn{F) = S'L„(F) /{scalar matrices of determinant 1}. 

Exercise 1.1. Prove that PGL2{C) = PSL2{C) and that these are 
isomorphic to AutP^. 

Exercise 1.2. Prove that AutP"^ acts 3-transitively on P^. That is, 
given any two ordered 3-tuples (01,02,03) and (&i,&2,&3) of distinct 
points of P^, there is an element / of AutP^ such that /(oj) = bj for 
j = 1, 2, 3. Show that / is unique. 

Exercise 1.3. Prove that if X is a compact Riemann surface of genus 
0, then X is biholomorphic to the Riemann sphere. 

Exercise 1.4. Show that the automorphism group of an ri-pointed 
curve of genus g is finite if and only if the stability condition (|l]) is 
satisfied. (Depending on what you know, you may find this a little 
difficult at present. More techniques will become available soon.) 

Since AutP^ acts 3-transitively on P-*^, we have: 

Proposition 1.5. Every n-pointed Riemann surface of genus is iso- 
morphic to 

(pi;oo) ifn = l; 
(Pi;0,oo) ifn = 2- 
(P^; 0,1, 00) ifn = ?>. 

□ 

Corollary 1.6. //O < < 3, then 7Vlo,n consists of a single point. □ 

The first interesting case is when n = 4. If (X; xi, X2, xs, X4) is a 
4-pointed Riemann surface of genus 0, then there is a unique biholo- 
morphism / : X — P-*^ with /(X2) = 1, f{x^) = and f{x4) = 00. 
The value of f{xi) is forced by these conditions. Since the dis- 
tinct and / is a biholomorphism, f{xi) G C — {0, 1}. It is therefore an 
invariant of (X; Xi, X2, Xs, 0:4). 
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Exercise 1.7. Show that if 51 : X — > is any biholomorphism, then 
f{xi) is the cross ratio 

{g{xi) : g{x2) : ^(xg) : g{xi)) 

of g{xi), g{x2), gixs), g{x4). Recall that the cross ratio of four distinct 
points Xi, ^2, X3, X4 in is defined by 



{xi : X2: x^: X4) 



{Xi - Xi)/{X2 - Xi) 



The result of the previous exercise can be rephrased as a statement 
about moduli spaces: 

Proposition 1.8. The moduli space Alo,4 can he identified naturally 
with C — {0, 1}. The moduli point [P^; xi, 2:2, Xa, 2:4] is identified with 
the cross ratio (xi : X2 '■ x^ : X4) e C — {0, 1}. □ 

It is now easy to generalize this to general n > A. Since every 
genus Riemann surface is biholomorphic to P^ , we need only consider 
n-pointed curves of the form (P^; xi, . . . , Xn)- There is a unique auto- 
morphism / of P^ such that f{x-i) — 0, f{x2) — 1 and f{x^) — 00. So 
every n-pointed Riemann surface of genus is isomorphic to exactly 
one of the form 

(P^;0, l,oo,i/i, ...,i/„_3). 

To say that this is an n-pointed curve is to say that the points 0, 1, 00, 
Hi, ... , Un-s are distinct. That is, it 

(i/i,...,y„_3)G(c-{o,i}r-3-A 

where A = Uj<jkAjfe is the union of the diagonals 
Aj-fe = {(yi, . . . , Vn-s) •■ Vj = Vk}- 

This is an affine algebraic variety as it is the complement of a divisor 
in an affine space. This shows that: 

Theorem 1.9. Ifn > 3, then M.o,n is a smooth affine algebraic variety 
of dimension n — 3 isomorphic to 

(C - {0, - A. 

The symmetric group E„ acts on A1o,n by 

a : (P^;a:i, . . . 1-^ (P^;X(,(i), . . . 

Exercise 1.10. Show that each a G S„ acts on M. gular 
mapping. (Hint: it suffices to consider the case of a transposition.) 
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Exercise 1.11. Suppose that n > 3. Construct a universal n-pointed 
genus curve M.o,n x A4o,n that is equipped with n disjoint 

sections cti, . . . , (T„ such that 

aj{[¥^;xi,...,Xn\) = {[F^;xi, . . . ,Xn],Xj). 

Show that it is universal in the sense that if / : X — ^ T is a family 
of smooth genus curves over a smooth variety T and if the family 
has n sections Si, . . . , that are disjoint, then there is a holomorphic 
mapping (f)f : T ^ A4o,n such that the puUback of the universal family 
is / and the puUback of aj is sj. 

2. Genus 1 

The study of the moduli space of genus 1 compact Ricmann surfaces 
is very rich and has a long history because of its fundamental connec- 
tions to number theory and the theory of plane cubic curves. We will 
take a transcendental approach to understanding A4i which will reveal 
the connection with modular forms. Our first task is show that genus 
1 Riemann surfaces can always be represented as the quotient of C by 
a lattice. 

One way to construct a Riemann surface of genus 1 is to take the 
quotient of C by a lattice. Recall that a lattice in a finite dimensional 
real vector space K is a finitely generated (and therefore free abelian) 
subgroup A of y with the property that a basis of A as an abelian 
group is also a basis of F as a real vector space. A lattice in C is thus 
a subgroup A of C that is isomorphic to and is generated by two 
complex numbers that are not real multiples of each other. 

Exercise 2.1. Show that if A is a lattice in V and if dim^ V — d, then 
y^/A is a compact manifold of real dimension d, which is diffeomorphic 
to the d-torus (M/Z)'^. 

If A is a lattice in C, the quotient group C/A is a compact Riemann 
surface which is diffeomorphic to the product of two circles, and so of 
genus 1. 

Theorem 2.2. If C is a compact Riemann surface of genus 1, then 
there is a lattice A in C and an isomorphism : C — >• C/A. If Xg E C, 
then we may choose n such that iJ,{xo) — 0. 

The proof follows from the sequence of exercises below. Let C be a 
compact Riemann surface of genus 1. 

Exercise 2.3. Show that a non-zero holomorphic differential on C has 
no zeros. Hint: Use Riemann-Roch. 
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Since gtop{C) = g{C) = 1, we know that Hi{C,Z) is free of rank 2. 
Fix a non-zero holomorphic differential w on C. Every other holomor- 
phic differential is a multiple of w. The period lattice of C is defined to 
be 

A= { jw : ce Hi{C,Z)}. 
This is easily seen to be a subgroup of C. 

Exercise 2.4. Show that A is a lattice in C. Hint: Choose a basis a, b 
of HiiC.I). Show that if j^w and J^w are hnearly independent over 
M, then this would contradict the Hodge decomposition of if^(C, C). 

Let E = C/A. Our next task is to construct a holomorphic mapping 
from C to E. 

Exercise 2.5. Fix a base point Xo of C Define a mapping v : C ^ E 

by 

v{x) = w 

where 7 is any smooth path in C that goes from Xo to x. Show that 

(i) u is well defined; 

(ii) u is holomorphic; 

(iii) u has nowhere vanishing differential, and is therefore a covering 
map; 

(iv) the homomorphism u^, : tti{C,Xo) 7ri(i?,0) = A is surjective, 
and therefore an isomorphism. 

Deduce that u is a biholomorphism. 



This completes the proof of Theorem |2.2| . It has the following im- 
portant consequence: 

Corollary 2.6. If C is a compact Riemann surface of genus 1, then 
the automorphism group of C acts transitively on C . Consequently, the 
natural mapping — M.i that takes [C;x] to [C] is a bijection. 

Proof. This follows as every genus 1 Riemann surface is isomorphic 
to one of the form C/A. For such Riemann surfaces, we have the 
homomorphism 

C/A ^ Aut(C/A) 
that takes the coset a + A to the translation z + A^^z + a + A. □ 



Definition 2.7. An elliptic curve is a a genus 1 curve C together with 
a point Xo G C. 
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The previous result says that if C is a genus 1 curve and Xo and yo are 
points of C, then the elhptic curves (C; Xo) and {C;yo) are isomorphic. 
The moduh space of elhptic curves is 

Exercise 2.8. Suppose that f : C ^ C/A is a holomorphic mapping 
from an arbitrary Riemann surface to C/A. Let be a base point of 
C. The 1-form dz on C descends to a holomorphic differential w on 
C/A. Its puUback f*w is a holomorphic differential on C. Show that 
for all X E C, 



where 7 is a path in C from Xg to x. 

Exercise 2.9. Use the results of the previous exercise to prove the 
following result. 

Corollary 2.10. // Ai and A2 are lattices in C, then C/Ai is isomor- 
phic to C/A2 if and only there exists A e C* such that Ai = AA2. □ 

Exercise 2.11. Show that if (C; Xo) is an elliptic curve, then C has a 
natural group structure with identity Xg- 

We are finally ready to give a construction of tVIi. Recall that the 
complex structure on a Riemann surface C gives it a canonical ori- 
entation. This can be thought of as giving a direction of "positive 
rotation" about each point in the surface — the positive direction be- 
ing that given by turning counter-clockwise about the point in any 
local holomorphic coordinate system. If C is compact, this orientation 
allows us to define the intersection number of two transversally inter- 
secting closed curves on C. It depends only on the homology classes of 
the two curves and therefore defines the intersection pairing 



If a, P is a. basis of Hi{C, Z), then {a, {3) = ±1. We shall call the basis 
positive if {a,l3) = 1. 

A framing of Riemann surface C of genus 1 is a positive basis a, (3 of 
its first homology group. We will refer to {C : a, j3) as a framed genus 
1 Riemann surface. Two framed genus 1 Riemann surfaces (C : q;,/5) 
and (C : a', (3') are isomorphic if there is a biholomorphism f : C ^ C 
such that a' — f^a and (3' — f^p. 




7 



( , ) :i/i(C,Z)(8)//i(C,Z)^Z. 



Let 




isomorphism classes of framed 
Riemann surfaces of genus 1 
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At the moment, this is just a set. But soon we will see that it is itself a 
Riemann surface. Note that forgetting the framing defines a a function 

Ml. 

Denote the isomorphism class of (C : a, P) by [C :«,/?]. If C is a genus 
1 Riemann surface, then 

(f)-\[C]) = {[C : : is a positive basis of Hi{C,Z)}. 

Exercise 2.12. Show that if («,/?) and {a', (3') are two positive bases 
of HiiC, Z), then there is a unique element 

a b 
c d 



of S'L2(Z) such that 



f3'\ ^ (a b\ 
a' 1 \c d j \a 



(The reason for writing the basis vectors in the reverse order will be- 
come apparent shortly.) 



Define an action of SL2{1^) on Xi by 

[C ■.a,f3] = [C: a',b'] 



a b 
c d 

where 

_ fa b\ f(3 



a' J \c dj \a 

Exercise 2.13. Show that there is a natural bijection 

Ml = SL2{Z)\Xi. 

At present, Xi is just a set, but we now show that it is naturally a 
Riemann surface. We know from Theorem |2.2| that every element of 
Xi is of the form [C/A : a,P]. But, by standard algebraic topology, 
there is a natural isomorphism 

A ^ Hi{C, Z). 

Thus a basis of Hi{C, Z) corresponds to a basis of A. 

Exercise 2.14. Suppose that is a basis of iJi(C/A,Z) and that 
ui, UJ2 is the corresponding basis of A. Show that a, (3 is positive if and 
only if UJ2IUJ1 has positive imaginary part. 
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It follows from this and Corollary p.lO| that 

Xi = {[C/A : uJi,uj2\ ■■ Im(cj2M) > 0}/C* 

where the C*-action is defined by 

A ■ [C/A : ui, 002] = [C/AA : Xui, AcJs]. 

We can go even further: since the basis Ui, UJ2 determines the lattice, 

A = Zuji © Zuj2, 

we can dispense with the lattice altogether. We have: 

(2) Xi = {(ci;i,ci;2) : ^^i,^^2 £ C and Im(u;2/ci;i) > 0}/C* 

where C* acts on {uji,uj2) by scalar multiplication. 

Denote the upper half plane G C : Im^; > 0} by H. Each r G H 
determines the element 

[C/(Z©Zr) : l,r] 

of Xi. This defines a function ip : M. —>■ Xi. Under the identification 
(0), 

^{J{T) = the C*-orbit of (1, r) 
Since (001,002) and (1,(^2/^^1) are in the same orbit, we have proved: 
Theorem 2.15. The function ip : M. ^ Xi is a bijection. □ 
The group PSL2{'C) acts on by fractional linear transformations. 

Exercise 2.16. Show that T G PSL2{C) satisfies T(H) C H if and 
only if T G P5L2(M). 

Thus the group 5*272 (M) acts on H by fractional linear transforma- 
tions: 

a b\ ar + b 

T 



c dj cT + d 

Exercise 2.17. Show that : H .Yi is 5'L2(Z)-equivariant. That 
is, if T G SL2{Z), then TiP{t) = tpiTr). 

Theorem 2.18. There are natural bijections 

Ml ^ Mi^i ^ SL2{Z)\B. 

Proof. The first bijection was established in Corollary |2.6| . The second 
follows from Exercise |2.13| , Theorem |2.15| and Exercise |2.17| . □ 
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Exercise 2.19. Suppose that C is a genus 1 Riemann surface. Show 
that the point of S'L2(Z)\EI that corresponds to [C] G Aii is the 
SL2{Z) orbit of 

(////") ^" 

where w is any non-zero element of if°(C, fij^) and a, /9 is a positive 
basis of Hi{C, Z). 

2.1. Understanding S'L2(Z)\EI. The Riemann surface structure on 
EI descends to a Riemann surface structure on 5*1/2 (Z)\H. Good ref- 
erences for this are Chapter VII of Serre's book and Chapter 3 
of Clemens' book [Q. We'll sketch part of the proof of the following 
fundamental theorem. 

Theorem 2.20. The quotient ofM. by SL2{'L) has a unique structure 
of a Riemann surface such that the projection EI S'L2(Z)\IHI is holo- 
morphic. Moreover, there is a biholomorphism between S'L2(Zi)\IHI and 
C which can be given by the modular function j : EI — >■ C, where 

j{t) = 1 + 744 + 196 884 q + 21 493 760 + ■ ■ • 

q 

and q = e^'"*'^ . 

The following exercises will allow you to construct most of the proof. 
The rest can be found in [^] and 0. 

Let P^(R) = MU {oo}. This is a circle on the Riemann sphere which 
forms the boundary of H. Let EI be the closure of EI in the Riemann 
sphere ; it is the union of EI and (M) . Recall that every non-trivial 
element of PSL2{C) has at most two fixed points in P^. Note that 
the fixed points of elements of PSL2{M.) are real or occur in complex 
conjugate pairs. 

Exercise 2.21. Suppose that T G SL2{'L) is not a scalar matrix. Show 
that T has exactly 

(i) one fixed point in EI if and only if | trT| < 2; 

(ii) one fixed point in P^(M) if and only if | trT| = 2; 

(iii) two fixed points in P^(M) if and only if | trT| > 2. 

Show that T G 5*1/2 (M) has finite order if and only if T has a fixed 
point in EI. 

Fix an integer / > 0. The level I subgroup of S'L2(Z) is the sub- 
group of 5*1/2 (Z) consisting of those matrices congruent to the identity 
mod /. We shall denote it by 5'L2(Z)[/]. Since it is the kernel of the 
homomorphism 5'L2(Z) — > 5'L2(Z//), it is normal and of finite index 
in 5^2 (Z). 
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Exercise 2.22. Show that SL2{Z)[l] is torsion free for all I > 3. Hint: 
use the previous exercise. Deduce that S'L2(Z)[Z]\]HI is a Riemann sur- 
face with fundamental group SL2{'L) [/] and universal covering H when- 
ever / > 3. 

The quotient of SL2{1) by its level I subgroup is S'L2(Z//), which is 
a finite group. It follows that the projection 

5L2(Z)[/]\e 5L2(Z)\H 

is finite-to-one of degree equal to the half order of SL2{'L/l) when / > 2. 

Exercise 2.23. Show that the quotient G\C of a Riemann surface C 
by a finite subgroup G of Aut C has the structure of a Riemann surface 
such that the projection C —>■ G\C is holomorphic. Hint: first show 
that for each point x of C, the isotropy group 

Gx := {g e G : gx = x} 

is cyclic. This can be done by considering the actions of G^ on T^X 
and Ox,x- 

This result, combined with the previous exercises, establishes that 
Ail = 5*272 (Z)\H[ has a natural structure of a Riemann surface such 
that the projection M ^ Aii is holomorphic. 



Serre [24, p. 78] proves that a fundamental domain for the action of 
SL2{'L) on EI is the region 

F = {r e e : I Rer| < 1/2, |r| > 1}. 

Points of F can be thought of as giving a canonical framing of a lattice 




Figure 1. A a fundamental domain of SL2{Z) in H 
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A in C Such a framing is given as follows: the first basis element is a 
non-zero vector of shortest length in A, the second basis element is a 
shortest vector in A that is not a multiple of the first. 

Exercise 2.24. Show that r G -F if and only if (1, r) is such a canonical 
basis of the lattice Z © Zr. 



Serre p. 78] also proves that PSL2{'L) is generated by r i-^ — 1/r 



and r 1-^ r + 1 . 

Exercise 2.25. Use this to prove that S'L2(Z)\E[ is the quotient of the 
fundamental domain F obtained by identifying the opposite vertical 
sides, and by identifying the arc of the circle |r| = 1 from p to i with 
the arc from to i. Deduce that Aii = S'L2(Z)\EI is a Riemann 
surface homeomorphic to a disk. 

It is conceivable that A^i is biholomorphic to a disk, for example. 
But this is not the A4i can be compactified by adding one point. 

Exercise 2.26. Show that Aii can be compactified by adding a single 
point oo. A coordinate neighbourhood of oo is the unit disk A. Denote 
the holomorphic coordinate in it by q. The point r of A^i = 5*1/2 (Z)\E[ 
is identified with the point e^'^*'^ of A. Show that 

Ml U {oo} 

is a compact Riemann surface of genus where g is a local parameter 
about oo and where Mi holomorphically embedded. Deduce that Mi 
is biholomorphic to C. 

Remark 2.27. This compactification is the moduli space Mi^i. 

Since every compact Riemann surface is canonically a complex alge- 
braic curve, this shows that Mi is an algebraic variety. 

2.2. Automorphisms. The automorphisms of an elliptic curve are 
intimately related with the set of elements of 5'L2(Z) that stabilize the 
points corresponding to it in H. 

Exercise 2.28. Suppose that C is a genus 1 Riemann surface curve. 
Suppose that : C ^ C is an automorphism of C. Show that 

(i) is a translation if and only if 0* : iJi(C, Z) -—>■ ifi(C, Z) is the 
identity; 

(ii) if a, /3 is a positive basis of Hi{C, Z), then 

= [C:0.«,0,/?] G A-i; 
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Deduce that there is a natural isomorphism 

Aut{C]Xo) = stabihzer in SL2{Z) of [C : a,/3] e X^. 

Note that any two points of H that he in the same orbit of SL2{Z) 
have isomorphic stabihzers. Consequently, to find all elliptic curves 
with automorphism groups larger than Z/2Z, one only has to look for 
points in the fundamental domain with stabilizers larger than Z/2Z. 

Exercise 2.29. Show that the stabilizer in SL2{Ij) of t G H is 

Z/2Z T ^ orbit of i and p; 
Z/4Z T e orbit of i; 
Z/6Z re orbit of p. 

An immediate consequence of this computation is the following: 

Theorem 2.30. If{C;Xo) is an elliptic curve, then 

[Z/4Z if {C;Xo)^ iC/Z[i];0) 
Aut(C, Xo) ^ < Z/6Z if (C; Xo) ^ (C/Z[p]; 0) 
[^Z/2Z otherwise. 

It is easy to see from this, for example, that the Fermat cubic 

x^ + y^ + z^ ^0 

in has automorphism group Z/6Z and therefore is isomorphic to 
Z/Z[p]. 

2.3. Families of Genus 1 and Elliptic Curves. Suppose that X 
is a complex analytic manifold and that / : X — > T is a holomorphic 
mapping to another complex manifold each of whose fibers is a genus 1 
curve. We say that / is a family of genus 1 curves. If there is a section 
s : T — > X of /, then the fiber of / over i e T is an elhptic curve with 
identity s(t). We say that / is a family of elliptic curves. 
Each such family gives rise to a function 

that is defined by taking t G T to the moduli point [Xt] of the fiber Xt 
of / over t. We shall call it the period mapping of the family. 

Theorem 2.31. The period map 4>f is holomorphic. 

Sketch of Proof. For simplicity, we suppose that T has complex dimen- 
sion 1. The relative holomorphic tangent bundle of / is the holomorphic 
fine bundle on X consisting of holomorphic tangent vectors to X 
that are tangent to the fibers of /. That is, 

T'f = ker{r'X ^ T'T}. 
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The sheaf of holomorphic sections of its dual is called the relative du- 
alizing sheaf and is often denoted by cux/t- The push forward f*cox/T 
of this sheaf to T is a holomorphic line bundle over T and has fiber 

over t E T. Fix a reference point to G T. Let w{t) be a local holomor- 
phic section of ujx/t defined in a contractible neighbourhood U of to- 
Since bundle is locally topologically trivial, f~^(U) is homeomorphic 
to [/ X Xt^. We can thus identify Hi{Xt,Z) with Hi(Xt^,Z) for each 
t E U. Fix a positive basis a, j3 of Hi[Xt^,'L). This can be viewed as a 
positive basis of Hi{Xt, Z) for all t E U. 
It is not difficult to show that 

/ w{t) and / w{t) 

J a J 

vary holomorphically with t e U. It follows that 



r{t) 



varies holomorphically with t G U. This shows that map 0/ is holo- 
morphic in the neighbourhood U of to- It follows that 0/ is holomor- 
phic. □ 

If you examine the proof, you will see that we really proved two extra 
facts. First, the period mapping 0j : T — > A^i associated to every 
family / : X — > T of genus 1 curves is locally liftable to a holomorphic 
mapping to H. If, in addition, / is a family of elliptic curves, then the 
period mapping 0/ determines the family / and the section s: 

Proposition 2.32. The period mapping (j)f associated to a family f : 
X T of genus 1 curves is locally liftable to a holomorphic mapping to 
H. If f is a family of elliptic curves, then (pj can be globally lifted to a 
holomorphic mapping 0j : T — H and there is a homomorphism <pf^ : 
7ri(T, to) — SL2{Z) (unique up to conjugacy) such that the diagram 

f H 



T > Ml 

4>f 

commutes and such that 

0/(7 • x) = 0/*(7) • 
for all X ef and all 7 e 7ri(T, to). □ 
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The proof is left as an exercise. We shall see in a moment that the 
converse of this result is also true. 

This result has an important consequence — and that is that not 
every holomorphic mapping T ^ A^i is the period mapping of a holo- 
morphic family of elliptic (or even genus 1) curves. The reason for this 
is that not every mapping T ^ Aii is locally liftable. 

Exercise 2.33. Show that the identity mapping Aii Aii is not 
locally liftable. Deduce that there is no family of genus 1 curves over 
Ail whose period mapping is the identity mapping. In particular, show 
that there is no universal elliptic curve over Aii. 

To each genus 1 curve C, we can canonically associate the elliptic 
curve JacC := Pic°C which we shall call the jacobian of C. Abel's 
Theorem tells us that C and JacC are isomorphic as genus 1 curves, 
but the isomorphism depends on the choice of a base point of C. 

Exercise 2.34. Show that for each family / : X — > T of genus 1 curves 
the corresponding family of jacobians is a family of elliptic curves. Show 
that these two families have the same period mapping. Show that if / 
is a family of elliptic curves, then the family of jacobians is canonically 
isomorphic to the original family /. 

3. Orbifolds 

The discussion in the previous section suggests that A4i should be 
viewed as 5*272 (Z)\EI rather than as C — or that TVli is not an alge- 
braic variety or a manifold, but rather something whose local structure 
includes the information of how it is locally the quotient of a disk 
by a finite group. In topology such objects are called orbifolds and 
in algebraic geometry stacks. Very roughly speaking, orbifolds are to 
manifolds as stacks are to varieties. The moduli spaces Aig^n are often 
conveniently viewed as orbifolds or as stacks. 

For us, an orbifold is a topological space that is the quotient of a 
simply connected topological space X by a group F. The group is 
required to act properly discontinuously on X and all isotropy groups 
are required to be finite.^ For example, Aii can be viewed as an orbifold 
as the quotient of EI by S'L2(Z). 

This definition is not as general as it could be, but since all of our 
moduli spaces A^g,„ are of this form, it is good enough for our purposes. 

^We could have added some other natural conditions, such as requiring that there 
be a finite index subgroup of T that acts on X fixed point fireely. We could also 
require that the set of elements of G that act trivially on X is central in F. Both 
of these conditions are natural and are satisfied by all of our primary examples of 
orbifolds, the M.g,n- 
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The general definition is obtained by "sheafifying" this one — i.e., 
general orbifolds are locally the quotient of a simply connected space 
by a finite group. A general definition along these lines can be found 



in Chapter 13 of ||2^. Mumford's definition of stacks can be found in 

A morphism / : ri\Xi —>■ r2\X2 of orbifolds is a continuous map 
that arises as follows: there is a homomorphism : Fi ^ r2 and a 
continuous mapping f : Xi ^ X2 that is equivariant with respect to 
f^; that is, the diagram 

Xi X2 

Ma) 

Xi — ^ X2 

commutes for all G Fi. 

At this stage, I should point out that every reasonable topological 
space X can be viewed as the quotient 7ri(X, of its universal 

covering by its fundamental group. In this way, every topological space 
can be regarded as an orbifold. It thus it makes sense to talk about 
orbifold mappings between orbifolds and ordinary topological spaces. 

An orbifold r\X can have an enriched structure — such as a smooth, 
riemannian, Kahler, or algebraic structure. One just insists that its 
"orbifold universal covering" X has such a structure and that F act 
on X as automorphisms of this structure. Maps between two orbifolds 
with the same kind of enriched structure are defined in the obvious way. 
For example, a map between two orbifolds with complex structures 
is given by an equivariant holomorphic map between their orbifold 
universal coverings. 

Many orbifolds are given as quotients of non-simply connected spaces 
by a group that acts discontinuously, but not fixed point freely. Such 
quotients have canonical orbifold structures: If M is a topological space 
and G a group that acts discontinuously on M, then 

G\M = T\M 

where p : M — >^ M is the universal cover ingQ of M and 

r = {{(f), g) : where cf) : M ^ M covers g G G}. 



^Of course, I am assuming that M is nice enough as a topological space to have 
a universal covering. We assume, for example, that M is locally simply connected, 
a condition satisfied by all complex algebraic varieties and all manifolds. 
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Here covers g & G means that the diagram 

M M 



M > M 

9 

commutes. 

There is a notion of the orbif old fundamental group 7r°'^'^(r\X, Xo) of 
a connected pointed orbifold. It is a variant of the definition of the 
fundamental group of a pointed topological space. 

First, we'll fix the convention that the composition a(3 of two paths 
a and /3 in a space is defined when a(l) = /5(0). The product path is 
the one obtained by traversing a first, then f3. This is the convention 
used in |jTl|, for example, and is the opposite of the convention used by 



many algebraic geometers such as Deligne. 

We need to impose several conditions on X and on Xo in order for 
the definition to make sense. Let p : X ^ r\X be the projection. 
Note that if x,y G p^^{xo), then the isotropy groups Ty and are 
conjugate in F. Our first assumption is that Fj^ is contained in the 
center of F for one (and hence all) y G p~^{xo)- For such Xo, we shall 
denote the common isotropy group of the points lying over Xo by F^;^. 
Our second assumption is that X is connected, locally path connected, 
and locally simply connected. These conditions are satisfied by all 
connected complex algebraic varieties. Finally, we shall assume that if 
g E T acts trivially in the neighbourhood of some point of X, it acts 
trivially on all of X. All three of these conditions are natural and will 
be satisfied in cases of interest to us. 

Let 

P{xo) = {homotopy classes of paths ([0, 1], {0, 1}) {X,p~^{xo))}- 
Since F acts on the left of X, this is a left F-set. Let 

Q{xo) = {{gn)eTx P{xo) : g-^ ■ 7(0) = 7(1)}- 

This has a natural left F-action given by 

g : (/i,7) ^ {ghg^\g--f). 

Define 7r°''^(F\X, Xo) to be the quotient T\Q{xo). This has a natural 
group structure which can be understood by noting that Q{xo) is a 
groupoid. The composition of two elements {g, 7) and {h, n) is defined 
when 7(1) = yu(0). It is then given by 

(^,7) ■ {h,^) = (^/i,7/i). 
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To multiply two elements of Tr°^^{G\X, Xo), translate one of them until 
they are composablc. For example, if we fix a point Xo of p~^{xo), then 
each element of 'Ki'^^{G\X,Xo) has a representative of the form ((7,7) 
where 7(0) = Xo- This representation is unique up to translation by an 
element of T^^. To multiply two elements ((7,7) and {h, starting at 
Xo, multiply {h, fj) by g so that it can be composed with (51, 7). Then 
the product of these two elements in 7r^^^{G\X,Xo) is represented by 
the path 

{9, 7) ■ {g'^hg, g-^ ■ /i) = {hg, 7 {g'^ ■ ^)). 

Exercise 3.1. Show that if /c G Vx^-, then k acts trivially on P{xo). 
Deduce that the multiplication above is well defined. (This is where 
we need V^^ to be central in F.) 

The following exercises should help give some understanding of orb- 
ifold fundamental groups. 

Exercise 3.2. Show that if F acts fixed point freely on X, then there 
is a natural isomorphism between 7r°'^'^(F\X, Xo) and the usual funda- 
mental group 7ri(F\X, Xo). In particular, if we view a topological space 
X as an orbifold, then the two notions of fundamental group agree. 

Exercise 3.3. Show that if F is an abehan group that acts trivially 
on a one point space X — {*}, then 'K'^^{y\X, x^ is defined and there 
is a natural isomorphism 

<b(F\X,x„)^F. 

Exercise 3.4. Let X = C and F = Z/nZ. Define an action F on X by 
letting the generator 1 of Z/nZ act by multiplication by e^'^*/". Show 
that 7r°''^(F\X, Xo) is defined for all Xo G F\C, and for each Xo there is 
a natural isomorphism 

-Kf'i^XX^Xo) = Z/nZ. 

Exercise 3.5. Show that for each choice of a point x G ^^^(xo), there 
is a natural isomorphism 

(/),:<^(F\X,a:o)^F 

defined by (\)x[9-,l) = when 7(0) = x. Show that if y = hx, then 
0y = h(f)xh~^. 

Remark 3.6. One can also define the orbifold fundamental group of 
F\X using the Borel construction. First, find a contractible space EF 
on which F acts discontinuously and fixed point freely (any one will 
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do). There is a canonical construction of such spaces. (See for example 
P, p. 19].) Fix a base point Co G ET. The diagonal action of T on 
ET X X, a simply connected space, is fixed point free and the map 

q: ETxX T\{ET x X) 

is a covering mapping with Galois group F. For x G X, define 

<'^(F\X,g(eo,x)) = 7ri(F(EF x X),q{eo,x)). 

If is central in F, then this depends only on Xo = p{x). It is not 
difficult to show that, in this case, this definition agrees with the more 
elementary one given above. 

The moduli space A^i is naturally an orbifold, being the quotient of 
EI by (Z). The condition on Xo is satisfied for all points not in the 
orbit of i or p. Consequently, 7r™^(A1i, Xq) is defined for all Xo other 
than those corresponding to the orbits of i and p, and for each such Xo, 
there is an isomorphism 

n°,''\Mi,Xo) = SL2{Z) 

which is well defined up to conjugacy. 



This gives the following restatement of Proposition 2.32 



Proposition 3.7. If f : X T is a holomorphic family of genus 
1 curves, then the period mapping (pj : T ^ Aii is a morphism of 
orbifolds. 

Remark 3.8. Since Aii can also be written as PS'L2(Z)\EI, it is natural 
to ask why we are not giving A4i this orbifold structure. This question 
will be fully answered in the section on the universal elliptic curve and 
in subsequent sections on curves of higher genus. For the time being, 
just note that if we give A4i the orbifold structure PS'L2(Z)\EI, then 
TT'^'^iMi) would be PSL^iZ) instead of SL 
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3.1. The Universal Elliptic Curve. Let's attempt to construct a 
"universal elliptic curve" over Aii. We begin by constructing one over 
e. The group acts on C x H by 

(n, m) : {z, r) 1— > (z + nr + m, r). 

This action is fixed point free, so the quotient Z^\(C x H) is a complex 
manifold. The fiber of the projection 

z2\(c X e) ^ e 

over T is simply the elliptic curve C/Z©Zr. The family has the section 
that takes r G EI to the identity element of the fiber lying over it. So 
this really is a family of elliptic curves. 
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Let's see what happens if we try to quotient out by 7? and SL2{'L) 
at the same time. First note that SL2{'L) acts on 1? on the right 
by matrix multiphcation. We can thus form the semi-direct product 
SL2{1j) X 7?. This is the group whose underlying set is S'L2(Z) x 1? 
and whose muhiphcation is given by 

(Ai, (ni,mi))(y4i, (n2,m2)) = {A1A2, {ni,mi)A2 + (^2,^2)). 
Exercise 3.9. Show that the action of 5^2 (Z) k on C x EI given 

((:^).(-))^(-)"(^.^) 

is well defined. Show that there is a well defined projection 

(5L2(Z) X Z^)\(C X e) ^ 5L2(Z)\H. 

This is a reasonable candidate for the universal curve. But we should 
be careful. 

Exercise 3.10. Show that the fiber of the natural projection 

(3) (5L2(Z) X Z2)\(C X e) ^ 5L2(Z)\H 

over the point corresponding to the elliptic curve (C; 0) is the quotient 
of C by the finite group Aut(C;0). In particular, the fiber of the 
projection over [(C; 0)] is always a quotient of C/± = P"^, and is never 
C. 

However, it is more natural to regard £ := (S'L2(Z) x Z^) x H as an 
orbifold. We shall do this. First note that the projection (j^) has an 
orbifold section that is induced by the mapping 

C X H 

that takes r to (0,r). Note that if we consider M.i as the orbifold 
P5'L2(Z)\H[, then the section would not exist. It is for this reason that 
we give M.i the orbifold structure with orbifold fundamental group 
5L2(Z) instead of P^L2(Z). 

The following should illustrate why it is more natural to view M.i 
as an orbifold than variety. 

Theorem 3.11. There is a natural one-to-one correspondence between 
holomorphic orbifold mappings from a smooth complex curve (or vari- 
ety) T to Ail and families of elliptic curves over T. The correspon- 
dence is given by pullback. □ 



MODULI OF RIEMANN SURFACES, TRANSCENDENTAL ASPECTS 21 



We could define a 'geometric points' of an orbifold X to be an orbifold 
map from a point with trivial fundamental group to X. For example, 
suppose r is any point of H. Denote its isotropy group in SL2{'L) 
by r,-. Then r^\{T} is a point of S'L2(Z)\IH[, but is not a geometric 
point as it has fundamental group F,-, which is always non-trivial as 
it contains Z/2Z. The corresponding geometric point corresponds to 
the 'universal covering' {r} Tt\{t} of this point. One can define 
pullbacks of orbifolds in such a way that the fiber of the pullback of the 
universal curve to the geometric point r of A^i is the corresponding 
elliptic curve C/(Z © Zr). 

Denote the n-fold fibered product ol 8 ^ Adi with itself by 8^'^'' — * 
It is naturally an orbifold (exercise). This has divisors Aj^. that 
consist of the points of 8^""^ where the jth and kih points agree. It also 
has divisors Aj where the jth point is zero. 

Exercise 3.12. Show that the moduli space A^i,n can be identified 
with 

-(U A,, u Ua,). 

3<k j 

3.2. Modular Forms. There is a natural orbifold fine bundle C over 
Ml- It is the quotient of H x C by SL2{Z) where SL-2{'L) acts via the 
formula 

Exercise 3.13. Show that this is indeed an action. Show that the kih 
power C®^ of this line bundle is the quotient of EI x C by the action 

Orbifold sections of C®^ correspond to holomorphic functions / : 
H ^ C for which the mapping 

H^HxC r^(r,/(T)) 

is 5'L2(Z)-equivariant. 

Exercise 3.14. Show that / : EI — >■ C corresponds to a section of C®^ 
if and only if 

Such a function is called a modular form of weight k for 5'L2(Z). 
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Exercise 3.15. Show that / : H ^ C is a modular form of weight 
2k if and only if the ^-differential (i.e., section of the kth power of the 
canonical bundle) 

is invariant under SL2{'L). Deduce that the (orbifold) canonical bundle 
of A^i is isomorphic to 

Some basic properties and applications of modular forms are given 
in Chapter VII of pi. 



Just as one can define the Picard group of a complex analytic variety 
to be the group of isomorphism classes of holomorphic line bundles over 
it, one can define the Picard group PiCorb-^ of a holomorphic orbifold 
X as the group of isomorphism classes of orbifold line bundles over X. 
The details are left as a straightforward exercise. The following result 
will be proved later in the lectures. 

Theorem 3.16. The Picard group of the orbifold J^i is cyclic of order 
12 and generated by the class of C. 

It is easy to see that the class of £ in PiCorb-^i as C^^^ is trivialized 
by the cusp form 



n=l 

of weight 12 which has no zeros or poles in H. Also, the non-existence of 
meromorphic modular forms of weight k with < A; < 12 and no zeros 
or poles in HI implies that C is an element of order 12 in Picorb A^i- We 
will show later that the order of PiCorb -^i is of order 12, from which it 
will follow that PiCorb.^1 is isomorphic to Z/12 and generated by the 
class of £. 

Lecture 2: Teichmuller Theory 
We have seen in genus 1 case that TVli is the quotient 

of a contractible complex manifold = HI by a discrete group Pi = 
5*^2 (Z). The action of Pi on Xi is said to be virtually free — that 
is. Pi has a finite index subgroup which acts (fixed point) freely on 
rYi.Q In this section we will generalize this to all g > 1 — we will 
sketch a proof that there is a contractible complex manifold Xg, called 
Teichmuller space, and a group Tg, called the mapping class group, 



^More generally, we say that a group G has a property P virtually if P holds for 
some finite index subgroup of G. 
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which acts virtually freely on Xg. The moduli space of genus g compact 
Riemann surfaces is the quotient: 

This will imply that A4g has the structure of a complex analytic variety 
with finite quotient singularities. 

Teichmiiller theory is a difficult and technical subject. Because of 
this, it is only possible to give an overview. 

4. The Uniformization Theorem 

Our basic tool is the the generalization of the Riemann Mapping 
Theorem known as the Uniformization Theorem. You can find a proof, 
for example, in and 

Theorem 4.1. Every simply connected Riemann surfac^ is biholo- 
morphic to either P^, C or H. 

Exercise 4.2. Show that no two of P"*^, EI and C are isomorphic as 
Riemann surfaces. 

We have already seen that AutP^ = PSL2{C) and that PSL2{M) C 
Aut H. 

Exercise 4.3. (i) Show that 

Ante = {z ^ az + b : a e C* and b G C}. 

(ii) Show that there is an element T of Aut P^ that restricts to an 
isomorphism T : A — H between the unit disk and the upper half 
plane. 

(iii) Show that every element of Aut A is a fractional linear transfor- 
mation. Hint: Use the Schwartz Lemma. 

(iv) Deduce that every element of Aut EI is a fractional linear trans- 
formation and that AutH = PSL2{M). 

If X is a Riemann surface and x G X, then tti{X,x) acts on the 
universal covering X as a group of biholomorphisms. This action is 
fixed point free. 

Exercise 4.4. Show that if X is a Riemann surface whose universal 
covering is isomorphic to EI and a; G X, then there is a natural injec- 
tive homomorphism p : 7ri(X, x) — >■ PSL2{M.) which is injective and has 
discrete image. Show that this homomorphism is unique up to conju- 
gation by an element of PSL2{M.), and that the conjugacy class of p is 



"^We follow the convention that every Riemann surface is, by definition, connected 
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independent of the choice of x. Show that X is isomorphic to im p\H 
and that the conjugacy class of p determines X up to isomorphism. 

This will give a direct method of putting a topology on M.g when 
g >2. But first some preliminaries. 

Exercise 4.5. Show that if X is a Riemann surface whose universal 
covering is 

(i) F^, then X is isomorphic to P^; 

(ii) C, then X is isomorphic to C, C* or is a genus 1 curve. 

Hint: Classify the subgroups of AutP^ and AutC that act properly 
discontinuously and freely. 

So we come to the striking conclusion that the universal covering of a 
Riemann surface not isomorphic to P^, C, C* or a genus 1 curves must 
be isomorphic to H. In particular, the universal covering of C — {0, 1} 
is H. Picard's Little Theorem is a consequence. 

Exercise 4.6. Show that if / : C ^ C is a holomorphic mapping that 
omits 2 distinct points of C, then / is constant. 

For our immediate purposes, the most important fact is that the 
universal covering of every Riemann surface of genus g > 2 is isomor- 
phic to H. More generally, we have the following interpretation of the 
stabihty condition 2g — 2 + n > 0. 

Exercise 4.7. Show that if is a Riemann surface of the form X — F 
where X is a compact Riemann surface genus g and F a finite subset 
of X of cardinality n, then the universal covering of U is isomorphic 
to H if and only 2g — 2 + n > 0. Observe that 2 — 2g — n is the 
topological Euler characteristic of U. 



Suppose that g >2 and that 5" is a compact oriented surface of genus 
g >2. Fix a base point Xo & S and set n = Tri{S, Xo)- Let 



It is standard that we can choose generators oi, . . . , a^, bi, . . . ,bg of 
TT that are subject to the relation 



5. Teichmuller Space 




conjugacy classes of injective representations 
p : TT PSL2(M.) such that im p acts freely on 
H and imp\H is a compact Riemann surface 
of genus g 
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where [x,y\ denotes the commutator xyx ^. 

Exercise 5.1. Show that can also be identified naturally with the 

set 

{compact Riemann surfaces C plus a conjugacy class of iso-1 
morphisms tt = 7^i{C) modulo the obvious isomorphisms J 

The group PSL2{M.) is a real affine algebraic group. It can be realized 
as a closed subgroup of GL^iM.) defined by real polynomial equations. 

Exercise 5.2. Denote the standard 2-dimensional representation of 
SL2{M.) by V. Denote the second symmetric power of V by S'^V. 
Show that this is a 3-dimensional representation of SL2{M.). Show that 
— / G 5*172 (M) acts trivially on S'^V, so that S'^V is a 3-dimensional 
representation of PSL2{M.). Show that this representation is faithful 
and that its image is defined by polynomial equations. Deduce that 
PSL2{M.) is a real affine algebraic group. 

Because of this, we will think of elements of PSL2{M.) as 3 x 3 ma- 
trices whose entries satisfy certain polynomial equations. A represen- 
tation p : IT ^ PSL2{M.) thus corresponds to a collection of matrices 

Al, . . . , Ag, Bl,.. .,Bg 

in PSL2{M.) C GLslM.) that satisfy the polynomial equation 
(4) I-fl[A„B,]=0; 

the correspondence is given by setting Aj = p{aj) and Bj = p{hj). 

The set of all representations p : tt — PS'L2(M) is the real algebraic 
subvariety IZ of P5'L2(M)^^ consisting of all 2(7-tuples 

(y4i, . . . , y4g, . . . , Bg) 

that satisfy @}. This is a closed subvariety of PSL2{M.)^^ and is there- 
fore an affine variety. Note that0 

dim7^ > 2g ■ dimP^L2(M) - dimP5L2(M) = 6^-3. 

Observe that PSL2{M.) acts on TZ on the right by conjugation: 

A:p^{g^ A-'pig)A}. 



^One has to be more careful here as, in real algebraic geometry, affine varieties 
of higher codimension can all be cut out by just one equation. Probably the best 
way to proceed is to compute the derivative of the product of commutators map 
PS'L2(R)^^ -> PSL2(M.) at points in the fiber over the identity. 
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Exercise 5.3. Show that 

{p : n ^ PSL2{'R) such that imp acts^ 
freely on H and im p\M is a compact > 
Riemann surface of genus g ) 

is an open subset of TZ and that it is closed under the P5'L2(]R)-action. 
Hint: One can construct a fundamental domain F for the action of tt 
on H given by p as follows. First choose a point a; G H. Then take 
F to be all points in H that are closer to x than to any of the points 
p{g)x (with respect to hyperbolic distance) where g & tt is non-trivial. 
Then F is a compact subset of H whose boundary is a union of geodesic 
segments. As p varies continuously, the orbit of x varies continuously. 
Now choose x to be generic enough and study the change in F as p 
varies. 

Note that Xg = U/PSL2{R). 
Exercise 5.4. Show that the center of P5'L2(M) is trivial. 

Proposition 5.5. If p E U , then the stabilizer in PSL2{M) of p is 
trivial. 

Proof. The first step is to show that if p e C/, then im p is Zariski dense 

in PS'L2(ffi). To prove this, it suffices to show that im p is Zariski dense 
in the set of complex points PSL2{C). From Lie theory (or algebraic 
group theory), we know that all proper subgroups of PSL2{C) are 
extensions of a finite group by a solvable group. Since im p is isomorphic 
to TT, and since tt is not solvable (as it contains a free group of rank g), 
im p cannot be contained in any proper algebraic subgroup of PSL2{M.), 
and is therefore Zariski dense. 

An element A of PSL2{'U.) stabihzes p if and only if A'^^p{g)A = p{g) 
for all e TT — that is, if and only if A centralizes imp. But A 
centralizes im p if and only if it centralizes the Zariski closure of im p. 
Since im p is Zariski dense in PSL2(M) , and since the center of PSL2{M.) 
is trivial, it follows that A is trivial. □ 

Theorem 5.6. The set U is a smooth manifold of real dimension 6g — 
3. The group PGL2{M) acts principally on U , so that quotient Xg — 
U/PSL2{M.) is a manifold of real dimension 6g — 6. 

Sketch of Proof. It can be shown, using deformation theory, that the 
Zariski tangent space of TZ at the representation p of tt is given by the 
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relative cohomology group :0 

TpTZ = H\S,Xo;A) 

where A is the local system (i.e., locally constant sheaf) over S whose 
fiber over Xo is s[i(R) and whose monodromy representation is the 
homomorphism 

TT PSLafM) AutslafM). 



Here 5[2(M) denotes the Lie algebra of PSL2{^), which is the set of 
2x2 matrices of trace 0, and Ad is the adjoint representation 

{X ^ AXA-^}. 

A result equivalent to this was first proved by Andre Weil pH]. The 



long exact sequence of the pair (5, Xo) with coefficients in A gives a 
short exact sequence 

^ s[2(M) ^ H\S, Xo] A) ^ H\S; A) ^ 

and an isomorphism H'^{S, Xo', A) = H^{S] A). 

Deformation theory also tells us that if H^{S,Xo] A) vanishes, then 
TZ is smooth at [p] G 7^.[] The Killing form is the symmetric bilinear 
form on s[2(M) given by 

b{X,Y) = ti{XY). 

It is non-degenerate and invariant under Ad op. It follows that A is 
isomorphic to its dual A* as a local system. Thus it follows from 
Poinare duality (with twisted coefficients) that 

H\S,A) = H%S,Ay. 



^This is a non-standard way of giving this group — Weil used cocycles. Here 
A*{S;A) is the complex of differential forms on S with coefficients in the local 
system A. It is a differential graded Lie algebra. Restricting to the base point Xq 
one obtains an augmentation A*{S;A) — > sl2(M). The complex A*{S,Xo;A) is the 
kernel of this, and H'{S,Xo',A) is defined to be the cohomology of this complex. 
Briefly, this is related to deformations of p as follows: when the representation 
p is deformed, the vector bundle underlying the local system corresponding to p 
does not change, only the connection on it. But a new connection on the bundle 
corresponding to p will differ from the original connection by an element of A^{S; A). 
So a deformation of p corresponds to a family of sections w{t) of A^{S;A) where 
w{0) — 0. For each t the new connection is flat. This will imply that the t 
derivative of w{t) a.t t = is closed in A*{S,A). Changes of gauge that do not 
alter the marking of the fiber over Xo are, to first order, elements of A'^{S,Xo',A). 
The t derivative of such first order changes of gauge gives the trivial first order 
deformations of p. 

proof of this and also a proof of Weil's result can be found in the beautiful 
paper of Goldman and Millson pO|. 
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But if p is an element of f/, it follows from Proposition |5.5| that H^{S, A) 



vanishes. Consequently, if p G f/, then 

dimH\S,A) = -x{S,A) = -(rank A) ■ x{S) = 3(2^-2) = Qg - 6 
and 

dim H\S,Xo; A) = 6g - 3. 

We saw above that U has dimension > 6(7 — 8, but dim U is not bigger 
than the dimension of any of its Zariski tangent spaces, which we have 
just shown is 6g — 3. It follows that dimll = 6g — 3 and that it is 
smooth as its dimension equals the rank of its Zariski tangent space. 
Finally, since the P5'L2(M)-action on U is principal, Xg = U / P S L2{^) 
is smooth of dimension {6g — 3) — dimPS'L2(M) = 6(7 — 6. □ 

It is not very difficult to show that the tangent space of Xg at [p] is 
naturally isomorphic to H^{S,A). 



6. Mapping Class Groups 

The mapping class group Tg plays a role for higher genus {g > 2) 
Riemann surfaces analogous to that played by SL2{'L) in the theory 
of genus 1 curves. As in the previous section, 5* is a fixed compact 
oriented surface of genus g, Xo G 5", and tt = 7ri(5', Xq). But unlike the 
last section, we allow any g > 1. 

The mapping class group Ts of 5* is defined to be the group of con- 
nected components of the group of orientation preserving diffeomor- 
phisms of S: 

Ts = vTo Diff+ 5". 

Here Diff S is given the compact open topology. It is the finest topology 
on Diff 5* such that a function f : K ^ Diff S from a compact space 
into Diff S is continuous if and only if the map (pf : K x S ^ S defined 
by 

(f)f{k,x) = fik){x) 

is continuous. 

Exercise 6.1. Suppose that M is a smooth manifold. Show that a 
path in Diff M from to ■?/' is a homotopy \E' : [0, 1] x M ^ M from 
to ip such that for each t G [0, 1], the function \E'(t, ) : M ^ M that 
takes X to \Ef(t,a:) is a diffeomorphism. Such a homotopy is called an 
isotopy between and ip. 

Recall that the outer automorphism group of a group G is defined 
to be the quotient 

OutG = AutG/ImiG 
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of the automorphism group Aut G of G by the subgroup Inn G of inner 
automorphisms. 

Exercise 6.2. Suppose that M is a smooth manifold. Show that each 
diffeomorphism of M induces an outer automorphism of its fundamen- 
tal group and that the corresponding function 

Diff M ^ Out7r(M) 

is a homomorphism. (Hint: Fix a base point of M and show that 
every diffeomorphism of M is isotopic to one that fixes the base point.) 
Show that the kernel of this homomorphism contains the subgroup of 
all diffeomorphisms isotopic to the identity. Deduce that there is a 
homomorphism 

7ro(DifTM) ^ Out7ri(M). 

Taking M to be S, our reference surface, we see that there is a 
natural homomorphism 

$ : Tcj ^ Outvr. 

It is a remarkable fact, due to Dehn ^ and Nielsen that this map 
is almost an isomorphism. (I believe there is a proof of this in the 
translation of some papers of Dehn on topology by Stillwell.) 

Theorem 6.3 (Dehn-Nielsen) . For all g > 1, the homomorphism $ is 
injective and the image of ^ is a subgroup of index 2. □ 

One can describe the index 2 subgroup of Out vr as follows. Since S 
has genus > 1, the universal covering of S is contractible, and there is 
a natural isomorphism Hi{S, Z) = Hi{7r, Z). Each element of Out tt in- 
duces an automorphism of Hi{7r, Z) as inner automorphisms of a group 
act trivially on its cohomology. The image of $ is the kernel of the 
natural homomorphism 

Out TT Aut H2{7T, Z) = {±1}. 

When c/ = 1, TT = Z2, and 

Outvr = AutTT = GL2(Z). 

Exercise 6.4. Show that when g = 1, the homomorphism Outvr — > 
{±1} corresponds to the determinant GL2(Z) — > {±1}. 

The genus 1 case of the Dehn-Nielsen Theorem can be proved by 
elementary means: 

Exercise 6.5. Show that if g = 1, then the homomorphism Ts 
S'L2(Z) is an isomorphism. Hint: Construct a homomorphism from 
SL2{Z) to Diss. 
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Since two compact orientable surfaces are diffeomorphic if and only 
if they have the same genus, it follows that the group Ts depends only 
on the genus of S. For this reason, we define Tg to be Ts where S is 
any compact genus g surface. 

7. The Moduli Space 

In this section, S is once again a compact oriented surface of genus 
g >2 and vr denotes its fundamental group. The mapping class group 
Fg = Ts acts smoothly on Teichmiiller space Xg on the left via the 
homomorpliism Tg — ^ OutTr. 

Exercise 7.1. Describe this action explicitly. Show that the isotropy 
group of [p] G Xg is naturally isomorphic to the automorphism group 
of the Riemann surface im p\lHI. (Compare this with the genus 1 case.) 
Deduce that all isotropy groups are finite. 

Exercise 7.2. Show that two points in Xg are in the same Tg orbit if 
and only if they determine the same Riemann surface. Hint: Use the 
Uniformization Theorem. 

Rephrasing this, we get: 

Theorem 7.3. If g >2, then A4g is naturally isomorphic to the quo- 
tient of Xg by Tg. □ 

This result allows us to put a topology on A4g. We give it the unique 
topology so that Xg — > M.g is a quotient mapping. To try to understand 
the topology of Xg we shall need the following fundamental result. 

Theorem 7.4 (Teichmiiller). For all g >2, the Teichmiiller space Xg 
is contractible and the action of Tg on it is properly discontinuous. 

A natural way to approach the proof of this theorem via hyperbolic 
geometry. We do this in the next two sections. 

8. Hyperbolic Geometry 

Perhaps the most direct way to approach the study of Teichmiiller 
space is via hyperbolic geometry. The link between complex analysis 
and hyperbolic geometry comes from the fact that the upper half plane 
has a complete metric 

y 

of constant curvature —1 whose group of orientation preserving isome- 
trics is P5'L2(R). The Riemannian manifold (H, ds^) is called the 
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Poincare upper half plane. A good reference for hyperbolic geometry 
is the book by Beardon . 

Exercise 8.1. Show that 

(i) every element of PS'L2(M) is an orientation preserving isometry 
of (M, ds^); 

(ii) PSL2{M.) acts transitively on H and that the stabilizer of one point 
(say i), and therefore all points, of EI is isomorphic to 5*0(2) and 
acts transitively on the unit tangent space of H at this point. 

Deduce that the Poincare metric ds'^ has constant curvature and that 
PSL2{M.) is the group of all orientation preserving isometrics of the 
Poincare upper half plane. 

The fact that the group of biholomorphisms of H coincides with the 
group of orientation preserving isometrics of H is fundamental and is 
used as follows. Suppose that X is a Riemann surface whose universal 



covering is H. Then, by Exercise |4.4|, X is biholomorphic to the quo- 



tient of EI by a discrete subgroup F of PSL2{M.) isomorphic to 7ri{X). 
Now, since PSL2{M.) is also the group of orientation preserving isome- 
trics of H, the Poincare metric ds"^ is invariant under F and therefore 
descends to X = F\EI. This metric is complete as the Poincare metric 
is. 

Exercise 8.2. Prove the converse of this: if X is an oriented surface 
with a complete hyperbolic metric, then X has a natural complex struc- 
ture whose canonical orientation agrees with the original orientation. 

These two constructions are mutually inverse. Thus we conclude 
that when g >2, there is a natural one-to-one correspondence 



(5) 



r isomorphism classes of compact) ^ 
\ Riemann surfaces of genus g J 

r isometry classes of compact oriented sur- 
\ faces of genus g with a hyperbolic metric 



It follows that if (7 > 2, then 



j isometry classes of compact oriented sur- 
1 faces of genus g with a hyperbolic metric 



Remark 8.3. Likewise, a Riemann surface of genus 1 has a flat metric 
(unique up to rescaling) which determines the complex structure. So 
J\4i can be regarded as the moduli space of (conformal classes of) fiat 
tori. 
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Exercise 8.4. Show that if X is a Riemann surface whose universal 
covering is H, then the group of orientation preserving isometrics of X 
equals the group of biholomorphisms of X. 

9. Fenchel-Nielsen Coordinates 

Once again, we assume that g > 2 and that 5" is a reference surface 
of genus g. The interpretation of Teichmiiller space in terms of hyper- 
bolic geometry allows us to define coordinates on Xg. To do this we 
decompose the surface into "pants." 

A pair of pants is a compact oriented surface of genus with 3 
boundary components. Alternatively, a pair of pants is a disk with 2 
holes. A simple closed curve (SCC) on S is an imbedded circle. A 




Figure 2. pairs of pants 

pants decomposition of 5* is a set of disjoint simple closed curves in S 
that divides S into pairs of pants. 




Figure 3. a pants decomposition 



Proposition 9.1. // the simple closed curves Ci, . . . , C„ divide S into 
m pairs of pants, then n = 3g — 3 and m = 2g — 2. 

Proof. Since a pair of pants has the homotopy type of a bouquet of 2 
circles, it has Euler characteristic —1. Since the Euler characteristic of 
a disjoint union of circles is 0, we have 

2 — 2g = x{S) = m ■ x(a pair of pants) — —m. 

Thus m = 2g — 2. Since each pair of pants has 3 boundary components, 
and since each circle lies on the boundary of two pairs of pants, we see 
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that 

n = 3m/2 = 3g — 3. 

□ 

If T is a compact oriented surface with boundary and x{T) < 0, 
then T has a hyperbolic metric such that each boundary component is 
totally geodesic. As in the case where the boundary of T is empty, the 
set of all hyperbolic structures on T (modulo diffeomorphisms isotopic 
to the identity) can be described as a representation variety. I will omit 
the details. This space is called the Teichmiiller space of T and will be 
denoted by Xt- 

Proposition 9.2. If P is a pair of pants, then Xp is a manifold dif- 
feomorphic to M.^. The diffeomorphism is given by taking a hyperbolic 
structure on P to the lengths of its 3 boundary components. 

Discussion of the Proof. A proof can be found in the Expose 3, partie 
II by Poenaru in the book |^. The basic idea is that a pair of pants 
can be cut into two isomorphic hyperbolic right hexagons, and that two 
right hyperbolic hexagons are equivalent if the lengths of every other 
side of one equal the lengths of the corresponding sides of the other. 
Also, one can construct hyperbolic right hexagons where these lengths 
are arbitrary positive real numbers. □ 

A basic fact in hyperbolic geometry is that if one has a compact 
hyperbolic surface T (not assumed to be connected) with totally geo- 
desic boundary, then one can identify pairs of boundary components 
of the same lengths to obtain a hyperbolic surface whose new hyper- 
bolic structure agrees with that on T — dT. Another elementary fact 
we shall need is that if C is a SCC in a compact hyperbolic surface T 
with totally geodesic boundary, then there is a unique closed geodesic 
7 : S"^ — T that is freely homotopic to C. 

Now suppose that V = {Pi, . . . , P2g~2} is a pants decomposition of S 
determined by the SCCs Ci, . . . , C^g^^. For each hyperbolic structure 
on S, we can find closed geodesies 71, ... , 73^-3 that are isotopic to the 
Cj. Taking the lengths of these, we obtain a function 

i:Xs-^ 

It is not difficult to show that this mapping is continuous. (See 0, 
for example.) On the other hand, we can define an action of M^^"^ 
on Xs and whose orbits lie in the fibers of i. To define the action 
of (^1, . . . , ^3g_3) on a hyperbolic surface 5", write S as the union of 
2g — 2 pairs of hyperbolic pants whose boundaries are represented by 
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geodesies 71, . . . ,73c,-3 isotopic to the Cj. Then twist the gluing map 
at 7j by an angle 6j. This is also continuous. 

Theorem 9.3 (Douady,0, Expose 7]). If g > 2, then the map i : 
Xs m!^~^ is a principal M.^^~^ bundle with the action described 
above. □ 

Corollary 9.4. For all g > 2, Teichmiiller space Xg is diffeomorphic 
to M.^3-<i_ □ 

Exercise 9.5. At first it may appear that i : Xg ^ M.^^^ should be a 
principal (S'^)'^^^^ bundle. Show that rotation by 27r about one of the 
SCCs Cj alters the representation p by an automorphism of vr that is 



not inner. Hint: it may help to first read the part of Section [T^ on 
Dehn twists. 

10. The Complex Structure 

Suppose that C is a compact Riemann surface. Recall that a de- 
formation of C is the germ about to ^ 7" of a proper analytic map- 
ping f : C —>■ T, where T is an analytic variety, and an isomorphism 
j : C ^ f^^ito). One defines maps between deformations to be carte- 
sian squares. A deformation of C is called universal if every other 
deformation is pulled back from it. A standard result in deformation 
theory is that every Riemann surface of genus g > 2 has a universal 
deformation. This has the property that T is smooth at to and that 
T is of complex dimension 3g — 3 with tangent space at to canonically 
isomorphic to H^{C, Qc), where Be denotes the sheaf of holomorphic 
sections of the tangent bundle of C. 

As explained in Looijenga's lectures, J^g can be obtained by patch- 
ing such local deformation spaces together. If C is a smooth projective 
curve of genus g and p : it ^ PSL2{M.) is a representation such that 
C = imp\]HI, then [p] G Xg goes to [C] G A4g under the projection 
Xg — > Aig. The following fact can be proved using partial differential 
equations. 

Theorem 10.1. If{T,to) is a universal deformation space for C , then 
there is a smooth mapping ip : T ^ Xg such that ipito) = [p] which is a 
diffeomorphism in a neighbourhood of to- Moreover, the composition of 
if) with the projection Xg —>■ M.g is the canonical mapping that classifies 
the universal deformation of C . □ 

Corollary 10.2. There is a canonical Tg invariant complex structure 
on Xg such that the projection Xg M.g is a complex analytic mapping. 

□ 
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It should be noted that, although Xg is a complex manifold diffeo- 
morphic to R^^~^, it is not biholomorphic to either a complex 3g — 3 
ball or C^^~^ when g > 1. 

Combining these results, we obtain the following basic result: 

Theorem 10.3. The moduli space A4g is a complex analytic variety 
whose singularities are all finite quotient singularities. Furthermore, 
M.g can he regarded as an orbifold whose universal covering is the com- 
plex manifold Xg and whose orbifold fundamental groups can be identi- 
fied, up to conjugacy, with Tg. More precisely, if C is a compact genus 
g curve with no non-trivial automorphisms, then there is a canonical 
isomorphism 

<^(Mp,[C]) ^TToDiff+C. □ 

11. The Teichmuller Space Xg^^ 

It is natural to expect that there is a complex manifold Xg^n and a 
discrete group Vg^n that acts holomorphically on Xg^^ in such a way that 
M.g^n is isomorphic to the quotient Tg^n\'^g,n- We give a brief sketch of 
how this may be deduced from the results when n = and g >2. 

First, we fix an n-pointed reference surface of genus g where g > 
2. That is, we fix a compact oriented surface S and a subset P ~ 
{xi, . . . ,Xn} of n distinct points of S. Define 

r,,„:=7roDiff+(5,P) 

By definition, elements of DiS~^{S,P) are orientation preserving and 
act trivially on P. 

Here is a sketch of a construction of Xg i. One can construct the Xg^n 
when n > 1 in a similar fashion. 

There is a universal curve C Xg. This can be constructed using 
deformation theory. This is a fiber bundle in the topological sense and 
it is not difficult to see that the action of the mapping class group 
Tg on Xg can be lifted to an action on C such that the projection is 
equivariant. Since the fiber of C ^ Xg is a compact surface of genus 
g, and since Xg is contractible, C has the homotopy type of a surface 
of genus g and therefore has fundamental group isomorphic to 7ri(5'). 
Define Xg^i to be the universal covering of C This is a complex manifold 
as C is. The fibers of the projection Xg^i are all isomorphic to H. Since 
Xg is contractible, so is Xg^i. 

Exercise 11.1. Show that there is a natural bijection 

{conjugacy classes of representations p : tt 
P5'L2(M) such that Cp := imp\EI is of genus > . 
g, plus a point x E Cp J 
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Use this (or otherwise) to show that r^^i acts on Xg^i and that the 
quotient is Aig,i- Show that the isotropy group of any point of Xg^n 
lying above [C;x] e Aig,n is naturally isomorphic to Aut(C, x). 

We shall regard Aig^n as the orbifold rg^n\^g,n- There is a natural 
isomorphism 

^'"(Mg^n, [C; Xi, . . . , ^ TTo Diff+(C, {xi, . . . , X J) 
provided Aut(C; Xi, . . . , Xn) is trivial. 

12. Level Structures 

Level structures are useful technical devices for rigidifying curves. 
Suppose that £ is a positive integer. A level i structure on a compact 
Riemann surface is the choice of a symplcctic basis of Hi(C, Z/iZ). 

Exercise 12.1. Show that if C is a compact Riemann surface of genus 
g, then there is a canonical isomorphism between Hi{C,Z/iZ) and 
the ^-torsion points in Pic*^ C. (Remark: the intersection pairing on 
Hi{C,Z/£Z) corresponds to the Weil pairing on the Morsion points.) 

Denote the moduli space of n-pointed, smooth, genus g curves with 
a level £ structure by This can be described as a quotient of 

Teichmiillcr space by a subgroup of Tg^n that we now describe. 

Fix an n-pointed compact oriented reference surface S of genus g. 
The mapping class group Tg^n acts naturally on Hi{S,Z). Since it 
preserves the intersection pairing, this leads to a homomorphism 

p : Tg^n — > Aut{Hi{S, Z) , intersection form). 

Define the level £ subgroup of Fj, „ to be the kernel of the homomorph- 
ism 

Pe '■ ^g,n Aut{Hi{S, Z/£Z), intersection form). 
This homomorphism is surjective. 

Exercise 12.2. Show that Fg_„[£] is a normal subgroup of finite index 
in Fg^n and that the quotient is isomorphic to Spg{Z/£Z). 

Exercise 12.3. Show that there is a natural bijection between A1c,_„[£] 
and the quotient of Xg^n by Fg „[£]. Show that the quotient mapping 
A^3,n[^] ■^g,n that forgets the level structure has finite degree and 
is Galois with Galois group Spg{Z/£Z). 

Choosing a symplectic basis of Hi{S, Z) gives an isomorphism 
Aut(i?i(5', Z), intersection form) = Spg{Z). 
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We therefore have a homomorphism 

p : Tg^n Spg{Z). 

Define the level i subgroup Spg{Z)[£] of Spg{Z) to be the kernel of the 
reduction mod £ homomorphism 

Spg{z) Spg{z/ez). 

This homomorphism is surjective. 

Exercise 12.4. (i) Show that rp_„[£] is the inverse image of Spg{Z) [£] 
under p. 

(ii) Show that Spi{Z) is isomorphic to SL2{Z) and that p is the stan- 
dard representation when g — 1. 

Theorem 12.5 (Minkowski). The group Spg{Z)[i] is torsion free when 
i>3. □ 

Proposition 12.6. If 2g — 2 + n > 0, g > 1 and i > 3, then the 
mapping class group Tg^n[£] is torsion free and acts fixed point freely on 

Sketch of Proof. The case g = 1 is left as an exercise. Suppose that 
g > 2. We first show that rg_„[£] acts fixed point freely on Xg^n- The 
isotropy group of a point in Xg^n lying over [C;xi, . . . ,Xn] is isomor- 
phic to Aut(C;a;i, . . . This is a finite group, and is a subgroup 
of Aut C. It is standard that the natural representation Aut C — >■ 
Aut i7°(C, is injective (Exercise: prove this. Hint: use Riemann- 
Roch). It follows that the natural representation 

AutC Aut (i^i (C, Z), intersection pairing) = Spg{Z). 

is injective and that Aut(C;xi, . . . ,a;„) fl rp^ji[£] is trivial. (Here we 
are realizing Aut(C;xi, . . . ,x„) as a subgroup of ^ as an isotropy 
group.) It follows from Minkowski's Theorem that if £ > 3, then Fp^^f^] 
acts fixed point freely on Xg^n- 

The rest of the proof is standard topology. If rp_„[^] has a torsion 
element, then it contains a subgroup G of prime order, p say. Since 
this acts fixed point freely on the contractible space Xg^n, it follows 
that the quotient G\Xy^n is a model of the classifying space B(Z/pZ) 
of the cyclic group of order p. Since the model is a manifold of real 
dimension 6g — 6 + 2n, this implies that H^{Z/pZ, Z/pZ) vanishes when 
k > 6g — 6 + 2n. But this contradicts the known computation that 
H^{Z/pZ, Z/pZ) is non-trivial for all A; > 0. The result follows. □ 

Putting together the results of this section, we have: 
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Corollary 12.7. If g > I, n > and i > 3, then A4g,n[^] is smooth 
and the mapping Xg.n -^g,n[^] is unramified with Galois group Tg^n! 
the covering M.g^n[C] ■^g,n is a finite (ramified) Galois covering with 
Galois group Spg{Z/iZ) . □ 

With this information, we are able to prove a non-trivial result about 
the mapping class group. 

Corollary 12.8 (McCool, Hatcher-Thurston). For all g and n, the 

mapping class group is finitely presented. 

Proof. We shall use the fact that each M.g,n[(!] is a quasi-projective va- 
riety. As we have seen, this is smooth when £ > 3 and has fundamental 
group isomorphic to rg ,i[£]. But a well known result Lojasiewicz |T^ 




(see also implies that every smooth quasi-projective variety has 
the homotopy type of a finite complex. It follows that rg_„[£] is finitely 
presented when £ > 3. But since rg „[£] has finite index in Fg ^i, this 
implies that Vg^^ is also finitely presented. □ 

13. COHOMOLOGY 

One way to define the homology and cohomology of a group G is to 
find a topological space X such that 

7r,(X,*) = 

This occurs, for example, when the universal covering of X is con- 
tractible. Such a space is called a classifying space of G. Under some 
mild hypotheses, it is unique up to homotopy. One then defines the 
cohomology of G with coefficients in the G-module V by 

W{G,V) = H^{X,Y) 

where V is the locally constant sheaf over X whose fiber is V and 
whose monodromy is given by the action of G on V. It is well defined. 
Homology is defined similarly in terms of the homology of X with 
coefficients in V. 

Exercise 13.1. Suppose that is a F^^n-module and V is the corre- 
sponding locally constant sheaf over M.g,n[(], where £ > 3. Show that 
there is a natural isomorphism 

H\Mg,n[^iy) = H'{Tg,n[e\,v). 

Show that the group SpgiTLjiTL) acts on both sides and that the iso- 
morphism is S'pg(Z/£Z)-equivariant. 
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Since Fg^ does not act fixed point freely on Xg^, M.g,n is not a 
classifying space for Tg^n- Nonetheless, standard topological arguments 
give 

and 

It follows that: 

Theorem 13.2. There is a natural isomorphism 

If V is a Fg^n-module and Tg^n has fixed points in Xg^n-, "we cannot 
always define a local system V over M.g^n corresponding to V . However, 
we can formally define 

i/*(A<3,V® Q) := H'{Mg,MN ®<QfP'>^^'^^\ 

where the superscript SpgCL/iZ,) means that we take the Spg{Z,/£'Ij) 
invariant part. This should be regarded as the cohomology of the orb- 
ifold M.g,n with coefficients in the orbifold local system corresponding 
to V. 

Exercise 13.3. Show that this definition is independent of the choice 
of the level £ > 3. 

Let A be the locus of curves in M.g with non-trivial automorphisms. 
The goal of the following exercise is to show that A is an analytic 
subvariety of Aig, each of whose components has codimension > g — 2. 
Set 

M'g = Mg-A. 

Exercise 13.4. Suppose that X is a Riemann surface of genus g >'2 
and that G is a finite subgroup of AutX. 

(i) Set Y — G\X. Show that if X is compact, then 

g{X)-l^d{g{Y)-l) + Y.^d-\0\)/2 

o 

where O ranges over the orbits of G acting on X and where d is 
the order of G. 

(ii) Show that if 51 > 3, then each component of the locus of curves in 
M.g that have automorphisms is a proper subvariety of M.g. 

(iii) Show that the hyperelliptic locus in M.g has codimension g — 2. 
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(iv) Show that codimension of each component of the locus in Aig 
with curves with a non-trivial automorphism is > g — 2, with 
equality if and only if the component is the hyperelliptic locus. 
Hint: reduce to the case where d is prime. 

(v) Give an argument that there are only finitely many components 
of the locus in Aig of curves with a non-trivial automorphism. 

Deduce that when g > 3, the set of points of Aig corresponding to 
curves without automorphisms is Zariski dense in Aig. 

Since each component of A has real codimension >2g — 4, it follows 
from standard topological arguments (transversality) that the inverse 
image Xg of A4g in Xg has the property 

7r,(A';) = 0ifj<2(7-5. 

From this, one can use standard topology to show that if g > 3, and if 
V is any F^-module, then there is a natural mapping 

H\Tg,V)^H''{M'g,Y) 

which is an isomorphism when k < 2g — 5 and injective when k = 
2g — 5.Q In particular, there is a natural isomorphism 

H'^{Tg,Z) = H'{M'g,Z) 

when k < 2g — 5. 

There are similar results for Aig^n, but the codimension of the locus 
of curves with automorphisms rises with n. For example, if n > 2g + 2, 
then Aut(C;a;i, . . . ,x„) is always trivial by the Lefschetz fixed point 
formula. (Exercise: prove this.) 

Lecture 3: The Picard Group 

In this lecture, we compute the orbifold Picard group of A4g for all 
> 1. Recall that an orbifold line bundle over A^^ is a holomorphic 
line bundle C over Teichmiiller space Xg together with an action of 
the mapping class group F^ on it such that the projection C Xg is 
Fg-equivariant. An orbifold section of this line bundle is a holomorphic 
Fg-equivariant section Xg ^ C of C This is easily seen to be equivalent 
to fixing a level i > 3 and considering holomorphic line bundles over 
A^g[^] with an Spg{Z/ iZ)-a.ctioia such that the projection is Spg{Z/iZ)- 
equivariant. Working on has the advantage that we can talk 

about algebraic line bundles more easily. 

An algebraic orbifold line bundle over Aig is an algebraic line bundle 
over A^g[£] for some i equipped with an action of Spg{Z/iZ) such that 

^ There is a similar result for homology with the arrows reversed and injectivity 
replaced by surjectivity. 
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the projection to A1g[^] is S'pp(Z/£Z)equivariant. A section of such 
a Une bundle is simply an S'pg(Z/£Z)-equivariant section defined over 
Isomorphism of such orbifold line bundles is defined in the 
obvious way. Let 

PiCorb Mg 

denote the group of isomorphisms classes of algebraic orbifold line bun- 
dles over M.g- Our goal in this lecture is to compute this group. It is 
first useful to review some facts about the Picard group of a smooth 
projective variety. 

14. General Facts 

Recall that if X is a compact Kahler manifold (such as a smooth 
projective variety), then the exponential sequence gives an exact se- 
quence 

^ H\X,Z) H^(X, Ox) PicX -> H^{X,Z) 

where the last map is the first Chern class Ci. The quotient 

Pic°X := H\X, Ox)/H\X, Z) 

is the group of topologically trivial complex line bundles and is a 
compact complex torus (in fact, an abelian variety). Note that if 
i7^(X, Z) vanishes, then Pic°X vanishes and the first Chern class 
ci :PicX ^ H^{X,Z) is injective. 

If H^{X,Z) vanishes, it follows from the Universal Coefficient The- 
orem that the torsion subgroup of iJ^(X, Z) is Hom(iJi(X, Z), C*). 
Every torsion element of {X, Z) is the Chern class of a holomorphic 
fine bundle as a homomorphism x '■ Hi{X, Z) — > C* gives rise to a flat 
(and therefore holomorphic) line bundle over X. 

Exercise 14.1. Suppose that X is a compact Kahler manifold with 

H^{X, Z) = 0. Show that if C is the fiat line bundle over whose mon- 
odromy is given by the homomorphism x • Hi{X, Z) ^ C*, then 

ci (£) = X e Hom(ii'i {X, Z),C*)CH'^ {X, Z) . 

These basic facts generalize to non-compact varieties. Suppose that 
X is a smooth quasi-projective variety. Define PicX to be the group 
of isomorphism classes of algebraic line bundles over X, and Pic°X to 
be the kernel of the Chern class mapping 

ci : PicX ^ H^{X,Z). 

Theorem 14.2. Suppose that X is a smooth quasi-projective variety. 
If H^{X,Q) vanishes, then Pic^ X = and the torsion subgroup of 
PicX is naturally isomorphic to Hom(ifi(X, Z), C*). 
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Sketch of Proof. There are several ways to prove this. One is to use 
Dehgne cohomology which gives a Hodge theoretic computation of 
PicX. Details can be found in [|13[, for example. A more elemen- 



tary approach goes as follows. First pick a smooth compactification 
X oi X. Each line bundle C over X can be extended to a line bun- 
dle over X. Any two extensions differ by twists by the divisors in X 
that lie in X — X. After twisting by suitable boundary components, 
we may assume that the extended line bundle also has trivial ci in 
if^(X,Z). (Prove this using the Gysin sequence.) It therefore gives 
an element of Pic° X, which, by the discussion at the beginning of the 
section, is flat. This implies that the original line bundle C over X 
is also flat. But if H^{X,Q) vanishes, then Z) is torsion and 

Ci(£) G H'^{X,Z) is the corresponding character x '■ Hi^X.I) C*. 
But since ci(£) is trivial, this implies that x is the trivial character 
and that C is trivial. □ 



This result extends to the orbifold case. By a smooth quasi-projective 
orbifold, we mean an orbifold r\X where F has a subgroup F' of finite 
index that acts fixed point freely on X and where F'\X is a smooth 
quasi-projective variety. There is a Chern class mapping 

Ci:PiCorb(r\X)-./72^F,Z). 

(The Picard group is constructed using equivariant algebraic line bun- 
dles on finite covers of F\X.) The Chern class ci can be constructed 
using the Borel construction, for example. Define Pic°;,b(r\X) to be 
the kernel of ci. 

Theorem 14.3. Suppose that F\X is a smooth quasi-projective orb- 
ifold. If H^{X, Q) vanishes, then Fic'^j.^X = and the torsion subgroup 
o/PicX is naturally isomorphic to Hom(ifi(F, Z), C*). 

Sketch of Proof. Fix a finite orbifold covering of F'\X of F\X where 
F' is normal in F and acts fixed point freely on X. The Galois group 
of the covering is G = F/F'. Suppose that C is an orbifold line bundle 
over F\X with ci(£) = in H^{T, Z). This implies that the first Chern 
class of the puUback of C to F'\X is also trivial. Since this puUback 
has a natural G-action, this means that the corresponding point in 
Pic°(F'\X) is G- invariant. Since 

H\T'\X,Qf = H\T\X,Q) = 

it follows that the G-invariant part of Pic(F'\X) is finite. It follows 
that some power of the puUback of C to F'\X is trivial. This also 
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has a G-action. If s is a trivializing section of C^^ , then the product 

is a G-invariant section of It follows that C has a flat structure 

invariant under the G-action. But since C has trivial ci, it must have 
trivial monodromy. It is therefore trivial. It follows that PiCorb(r\-^) 
is trivial. □ 

Assembling the pieces, we have: 

Corollary 14.4. If H^(rg,Q) vanishes, then the Chern class mapping 

is injective. □ 

15. Relations in 

In this section we write down some well known relations that hold 
in various mapping class groups. These will be enough to compute 
i?i(r^), which we shall do in the next section. 

First some notation. Wc shall let S denote any compact oriented 
surface with (possibly empty) boundary. The corresponding mapping 
class group is defined to be 

■=noBiS+{S,dS). 

That is, consists of isotopy classes of orientation preserving diffeo- 
morphisms that act trivially on the boundary dS of -S". 

Exercise 15.1. Show that elements of Ts can be represented by dif- 
feomorphisms that equal the identity in a neighbourhood of ^^S". 

Exercise 15.2. Show that if S* is a compact oriented surface and T is 
a compact subsurface, then there is a natural homomorphism Ft Ts 
obtained by extending elements of Ft to be the identity outside T. 

An important special case is where we take T to be the cylinder 
[0, 1] X (with the product orientation). One element of Tt is the 
diffeomorphism 

T : {t,9) ^ {t,e + 27rt). 



Theorem 15.3. If T is the cylinder, then Vt is infinite cyclic and is 
generated by t. □ 
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Figure 4. a positive Dehn twist 

Now, if 5* is any surface, and A is a (smoothly imbedded) simple 
closed curve (SCC), then A has a neighbourhood that is diffeomorphic 
to the cylinder T = [0, 1] x as in Figure |^. Denote the image of r 
under the homomorphism Ft ^ Ts hj t^. It is called the Dehn twist 
about A. 




Figure 5. 



Theorem 15.4. The class oftA in Ts is independent of the choice of 
the tubular neighbourhood T of A and depends only on the isotopy class 
of A. Every mapping class group is generated by Dehn twists. □ 

Exercise 15.5. Show that if G and A is a SCC in S, then 

Observe that if two elements of Fg can be represented by diffeomor- 
phisms with disjoint support, then they commute. In particular: 

Proposition 15.6. // A and B are disjoint SCCs on S, then tA and 
ts commute in Ts- □ 

Exercise 15.7. Show that if S" is a surface with boundary and A and 
B are each non-separating SCCs in 5", then there is an orientation 
preserving diffeomorphism of S* that takes one onto the other. Deduce 
that tA and ts are conjugate in F5. Give an example to show that not 
all Dehn twists about bounding SCCs are conjugate in F5 when g > 3. 
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Next we consider what happens when A and B are two simple closed 
curves in 5* that meet transversally in one point as in Figure 




Figure 6. 



Exercise 15.8. Show that if A and B are two SCCs in S that meet 
transversally in one point, then there is a neighbourhood of their union 
that is a compact genus 1 surface with one boundary component. Hint: 
Compute the homology of a small regular neighbourhood of the union 
and then apply the classification of compact oriented surfaces. 

So any relation that holds between Dehn twists such curves in a genus 
one surface with one boundary component will hold in all surfaces. Let 

be a compact genus 1 surface with one boundary component and let 
A and B be the two SCCs in the diagram: 




Figure 7. 



Theorem 15.9. With notation as above, we have 

tAtstA = tstAtB 

in Ts and therefore in all mapping class groups. 

This relation is called the braid relation as it comes from the braid 
group on 3 strings^] using the following technique. 

Denote the unit disk by D. We view this as a manifold with bound- 
ary. Suppose that P is a set of n distinct points of D, none of which 
lies on dD. The braid group Bn is defined to be 

S„ :=7roDiff+(A (P)), 
good reference for braid groups is Joan Birman's book 0]. 
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where Diff^(D, (P)) denotes the group of orientation preserving dif- 
feomorphisms of D that fix P as a set, but may permute its elements. 
There is a surjective homomorphism 

Bn ^ Aut P = S„ 

onto the symmetric group on n letters. 

Suppose that f/ is a disk imbedded in D such that 

5f/ n P = 

and U n P consists of two distinct points x and y of P. Then there 
is an element au of P„ whose square is the Dehn twist tgu about the 
boundary of U and which swaps x and y. 

It can be represented schematically as in Figure ||: The braid group 




Figure 8. a basic braid 
Bn is generated by the braids ai, . . . , o"„_i illustrated in Figure |[ Note 




Figure 9. the generator cij 

that (Tj and aj commute when |« — j| > 1, and that 
(6) 



Now suppose that {S, dS) {D, dD) is a branched covering, unram- 
ified over the boundary. Suppose that the image of the branch points 
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is P. Then there is a natural homomorphism 

So relations in Bn will give relations in F^. The relations we are inter- 
ested in come from certain double branched coverings of the disk. 

Suppose that {S, dS) {D, dD) is a 2-fold branched covering. The 
inverse image of a smooth arc a joining two critical values pi,p2 £ P 
and avoiding P otherwise, is an SCC, say A, in S. There is a small 
neighbourhood U oi a that is diffeomorphic to a disk and whose inter- 
section with P is {^1,^2} as in Figure |10|. There is a braid a supported 
in U that swaps pi and p2 by rotating in the positive direction about 
a. 




Figure 10. 



Proposition 15.10. The image of a under the homomorphism Bn —>■ 
Ts is the Dehn twist t^ about A. □ 

Exercise 15.11. Show that a genus 1 surface S with one boundary 
component can be realized as a 2:1 covering of D, branched over 3 
points. 

We therefore have a homomorphism B^ —>■ Ts- Note that the inverse 
image of the two arcs a and (3 in Figure [TI| under the covering of the 
disk branched over {^1,^2,^3} is a pair of SCCs in 5* that intersect 
transversally in one point. The braid relation in F^ now follows as we 
have the braid relation 

0"lO"20"l = o-20"iO"2 

in B3. 

More relations can be obtained this way. Suppose that 5 is a compact 
genus 1 surface with 2 boundary components. 
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Figure 11. 




Figure 12. 



Let A, B, C, Ti and T2 be the SCCs in Figure 12. Denote the Dehn 
twists about A, B and C by a, 6 and c, and those about Ti and T2 by 
ti and ^2- 



Theorem 15.12. T/ie relation 



holds in the mapping class group Ts- 



Corollary 15.13. If S is a compact genus 1 surface with one boundary 
component, then the relation 

{ahf = t 

holds in Ts, where a and b denote Dehn twists about a pair of SCCs 
that intersect transversally in one point and t denotes a Dehn twist 
about the boundary. 



Exercise 15.14. Deduce Corollary |15.13| from Theorem p!5TT2| by cap- 



ping off one boundary component and using the braid relation, Theo- 
|15j. 



rem 



Theorem |15.12| is proved in the following exercise. 



Exercise 15.15. Suppose that is a genus 1 surface with two bound- 
ary components. Show that S' is a double covering of the disk, branched 
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over 4 points. Use this to construct a homomorphism from the braid 
group B4 on 4 strings into Ts- Use this to prove the relation 

{abcY = tit2 

where a, 6, c, ti and ^2 denote Dehn twists on the SCCs A, B, C, Ti 
and T2 in the diagram above. Note that in the braid group, we have 
the relation 

t = aicr2(T3 

where t is Dehn twist about the boundary of the disk and cTj is the ith 
standard generator of i?4. 

There is one final relation. It is called the lantern relation and is 
due to Johnson and Harer independently. Let S* be a disk with 3 holes. 
(That is, a genus surface with 4 boundary components.) Consider 



the SCCs in Figure 13. 




Figure 13. the lantern configuration 



Theorem 15.16. The relation 

aoCtiCt2Cl3 = '3,12C^23'3'31 

holds in Ts where ai denotes the Dehn twist about Ai and Uij denotes 
the Dehn twist about A-,. □ 



16. Computation of Hi{Tg,Z) 

The fact F^ is generated by Dehn twists and the relations given in 
the previous section allow the computation of Hi(Tg). 
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Theorem 16.1 (Harer). If g > 1, then 

{Z/12Z g = l; 
Z/IOZ g = 2; 
g>3. 

Proof. We begin with the observation that if is a compact oriented 
genus g surface, then all Dehn twists on non-separating SCCs lie in the 



same homology class as they are conjugate by Exercise |15.5| . Denote 
their common homology class by L. Next, using the relations coming 
from an imbedded genus 1 surface with one boundary component, we 
see that the homology class of any separating SCC that divides S into 
a genus 1 and genus g — 1 surfaces has homology class 12L. Using the 
relation that comes from an imbedded genus 1 surface with 2 boundary 
components, we see that the homology class of every separating SCC is 
an integer multiple of L. It follows that HilTg) is cyclic and generated 
by L. 

Now suppose that g > 3. Then we can find an imbedded lantern as 



in Figure 14 Since each of the curves in this lantern is non-separating. 




the lantern relation tells us that 3L = 4L, which implies that L = 0. 
This proves the vanishing of Hi{rg) when g > 3. 

When g = 1, the relation for a genus 1 surface with one boundary 
component implies that 12L = as the twist about the boundary is 
trivial in Fi. Thus iJi(Fi) is a quotient of Z/12Z. But, as we shall 
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explain a little later, the fact that PiCorb-Mi is at least as big as Z/12 
implies that Hi(Ti) = Z/12Z.Q 

A genus 2 surface can be obtained from a genus 1 surface with two 
boundary components by identifying the boundary components. The 
relation obtained for a genus 1 surface with 2 boundary components 
gives 12L = 2L, so that lOL = 0. This shows that Hi{r2) is a quotient 
of Z/IOZ. But, as in the genus 1 case, the theory of Siegel modular 
forms shows that it cannot be any smaller. So we have Hi{r2) = 
Z/IOZ. □ 

Corollary 16.2. For all g > 1, H^{Tg,'Z) vanishes. □ 

17. Computation of Picorb-Mg 
Since H^{rg,Q) is torsion, it follows from Corollary 14.4 that 

is injective. Since Hi{rg) is torsion, the Universal Coefficient Theorem 
implies that the sequence 

^ Rom{Hi{Tg, Z), C*) ^ H\Tg, Z) ^ }iom{H2{Tg), Z) 1 

is exact. To determine the rank of H^lTg), we need the following 



fundamental and difficult result of Harer |]I5| . 

Theorem 17.1. The rank ofH2{Tg, Q) is %f g < 2 andlif g > 3. □ 

Combining this with our previous discussion, we have: 
Theorem 17.2. Ifg>l, then 

{Z/12Z g = l; 
Z/lOZ g = 2; 
Z g>3. 

There is one obvious orbifold line bundle over Aig. Namely, if we 
take the universal curve it : C ^ Aig over the orbifold M.g, then we 
can form the line bundle 

£ := det ir^uJc/Mg 

over M.g, where uJc/Mg denotes the relative dualizing sheaf. The fiber 
over [C] e Mg is 



^"^The abelianization of 5^2 (Z) can also be computed using, for example, the 
presentation of PSL2{'l) given in M. 
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Theorem 17.3. If g > 1, the orbifold Picard group of Aig is cyclic, 
generated by C and given by 

{Z/12Z g = l; 
Z/IOZ g = 2; 
Z g>3. 

Proof. All but the generation by C follows from preceding results. In 
genus 1 and 2, the generation by C follows from the theory of modular 
forms. 

Suppose that g > 3. Denote the first Chern class of C by A. To 
prove that C generates PiCorb -A^g, it suffices to show that A generates 
H'^iVg, Z). The following proof of this I learned from Shigeyuki Morita. 
It assumes some knowledge of characteristic classes. A good reference 
for this topic is the book |^ by Milnor and Stasheff. 

We begin by recalling the definition of the signature of a compact 
oriented 4-manifold. Every symmetric bilinear form on a real vec- 
tor space can be represented by a symmetric matrix. The signature 
of a non-degenerate symmetric bilinear form is the number of posi- 
tive eigenvalues of a representing matrix minus the number of negative 
eigenvalues. To each compact oriented 4-manifold X, we associate the 
symmetric bilinear form 

H'^{X,M)®H'^{X,M) 

defined by 

Jx 

Poincare duality implies that it is non-degenerate. The signature t(X) 
of X is defined to be the signature of this bilinear form. It is a cobor- 
dism invariant. 

The Hirzebruch Signature Theorem (see 
ample) asserts that 

T{X)=^-j^p,{X) 

where pi{X) G H'^{X, Z) is the first Pontrjagin class of X. When X is 
a complex manifold, 

(7) pi(X) = ci(X)2-2c2(X). 

Now suppose that X is a smooth algebraic surface and that T is a 
smooth algebraic curve. Suppose that vr : X — > T is a family whose 



21, Theorem 19.4], for ex- 
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fibers are smooth curves of genus > 3.|^ Denote the relative cotan- 
gent bundle ioxjt of tt by cu. Then it follows from the exact sequence 

TX*^^ OJx/T ~^ 

that 

Ci(X) = 7r*Ci(T) - ci{uj) and C2(X) = -Ci(cj) A 7r*Ci(T). 

Plugging these into (|^) we see that pi{X) = ci(co')^. Using integration 
over the fiber, we have 

It is standard to denote 7r*(ci(a;)^) by ni. Thus we have 



Ki. 

T 



An easy consequence of the Grothendieck-Riemann-Roch Theorem 
is that Ki = 12A. This is proved in detail in the book of Harris and 
Morrison [O, pp. 155-156]. It follows that for a family tt : X T of 



smooth curves 

t(X) =4: I X. 



T 

The last step is topological. Suppose that F is a compact oriented 
surface and that p : W F is an oriented surface bundle over F where 
the fibers of p are compact oriented surfaces of genus g > 3. Denote 
the local system of the first integral homology groups of the fibers by 
H. There is a symmetric bilinear form 

(8) H\FA)(g)H\FA)^R 

obtained from the cup product and the intersection form. Poincare 
duality implies that it is non-degenerate. It follows from the Leray- 
Serre spectral sequence of p that 

t(W) = — the signature of the pairing (||). 

The local system EI over F corresponds to a mapping (p : F —>■ 



BSpg{Z) into the classifying space of the symplectic group. Meyer pO 
shows that there is a cohomology class m G H'^{Spg{Z), Z) whose value 
on (f) is the signature of the pairing (P). It follows from this and the 
discussion above, that under the mapping 

p* ■.H\Spg{z),z)^H\rg,z) 



^^Such families exist — see fl^, p. 45, p. 55]. 
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induced by the canonical homomorphism p : Fg ^ Spg{'L), m goes to 
— 4A. Mayer also shows that the image of 

m : H^iVg, Z) ^ Z 

is exactly 4Z, which implies that A generates H'^iVg, Z). □ 

As a corollary of the proof, we have: 

Corollary 17.4. For all g > 3, both H^{Spg{Z),Z) andH'^{Tg,Z) are 
generated by A and the natural mapping 

p* : H\Spg{Z),Z) ^ H\rg,Z) 

is an isomorphism. □ 

Note that H'^{Sp2{Z),Z) is infinite cychc, while H'^{V2,'L) is cyclic 
of order 10. So p* is not an isomorphism in genus 2. 
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